Abstract. Let n be a positive integer. Then cyclic group Z n of order n is the only group of order n iff g.c.d. (n, ϕ(n)) = 1, where ϕ denotes the Euler-phi function. In this article we have given another proof of this result using the knowledge of semi direct product and induction.
Introduction
One of the main problem in group theory is to classify groups upto isomorphisms. For example one may ask: How many non-isomorphic groups of order n are there? and what are they ?. The Fundamental theorem of Abelian groups says that every finite Abelian group is the direct product of cyclic groups of prime power order, which classifies the non-isomorphic Abelian groups of order n. But there is no classification of non-isomorphic non-Abelian groups of order n. For every natural n, there must be a cyclic group Z n of order n. If n is prime, then Z n is the only group of order n. Also if n = pq, where p & q are distinct primes such that p does not divides (q −1), then by the Sylow theorem, Z n is the only group of order n. Thus there is a natural question: what are conditions for existence of a unique group of order n. Dieter Jungnickel proved ( [1] ) that if greatest common divisor (g.c.d.) (n, ϕ(n)) = 1, then Z n is the only group of order n. In this article we have given another proof using the knowledge of the semi direct product and induction. Definition 1.1. Let H and K be two groups and let φ be a homomorphism from
is the inverse of (h, k). The group G is called the semi-direct product of H and K with respect to φ.
. Hence semi direct product of H and K is the direct product of H and K. Lemma 1.2. For a given natural number n, if g.c.d. (n, ϕ(n)) = 1, then n must be square free, where ϕ(n) is the Euler phi function.
Proof. Suppose contrary that n = p α m, where α > 1 and
, which is a contradiction. Hence n is square free. Proposition 1.3. If cyclic group Z n is the only group of order n, then n must be square free.
Proof. By the Fundamental theorem of Abelian groups, we know that if n = p n 1 1 . . . p nr r , where p 1 , p 2 , . . . , p r are distinct primes, the number of non-isomorphic Abelian groups of order n is p(n 1 ) . . . p(n r ), where p(n i ) denotes number of partitions of n i . Since Z n is unique group of order n, therefore n must be square free.
Remark 1.2. Let G be a group of order n, and p be a prime dividing n and P be a Sylow p-subgroup. If | P |= p, then every non identity element of P has order p and every element of G of order p lies in some conjugate of P . By the Lagrange's theorem distinct conjugates of P intersect in the identity, hence in this case the number of elements of G of order p is n p (p − 1), where n p denotes number of distinct conjugates of P .
Suppose Sylow p-subgroups for different primes p have prime order and we assume none of these are normal. Then the number of elements of prime order is greater than | G |. This contradiction would show that at least one of the n ′ p s must be 1 (i.e., some Sylow subgroup is normal in G). For example, suppose | G |= 1365 = 3.5.7.13. If G were simple, we must have n 3 = 7, n 5 = 21, n 7 = 15 and n 13 = 104. Proof. Proof is by induction on s. If s = 1, then G is a cyclic group. Then G must be solvable.Thus result is true for s = 1. By induction hypothesis assume that result is true for s = k i.e. every group of order p 1 p 2 . . . p k is solvable. Now to prove the result for s = k + 1. Since every Sylow p-subgroups for different primes p have prime order, so by the Remark 1.2, some Sylow subgroup is normal in G. Suppose H is a normal Sylow p i -subgroup of G for some i. Then G/H is a group of order p 1 p 2 . . . p i−1 p i+1 . . . p k+1 . By induction assumption G/H is solvable group. Since H is a cyclic subgroup of G, H is solvable. Since H and G/H are solvable, therefore G is also solvable.
Hence by induction hypothesis result is true for every s.
Theorem 1.5. Let n be a positive integer. Then cyclic group Z n of order n is the only group of order n iff g.c.d. (n, ϕ(n)) = 1, where ϕ denotes the Euler-phi function.
Proof. First assume that cyclic group Z n of order n, is the only group of order n. Then by the Proposition 1.3, n = p 1 p 2 . . . p r where p 1 , p 2 , . . . , p r are distinct primes. So ϕ(n)
Then there must exist two primes p i and p j such that p i | p j − 1, where i = j for some i, j ∈ {1, 2, . . . , r}. Then n = p i p j m(say). Hence there exists a nonAbelian group H of order p i p j . Take another group K = Z m . Then the semidirect product of H and K is a non-Abelian group of order n, which contradicts our assumption that Z n is the only group of order n, so our supposition is wrong. Therefore g.c.d. (n, ϕ(n)) = 1. Conversely, suppose g.c.d. (n, ϕ(n)) = 1. Then by the Lemma 1.2, n must be square free i.e. n = p 1 p 2 . . . p r where p 1 , . . . , p r are distinct primes. We show that Z n is the only group of order n. Proof is by induction on r. If r = 1. Then n = p 1 i.e. n is a prime. Since every group of prime order is cyclic, Z n is the only group of order n. Thus result is true for r = 1. Suppose by induction hypothesis that the result is true for r = k i.e. for n = p 1 p 2 . . . p k , Z n is the only group of order n. Now to prove the result for r = k + 1 i.e. for n = p 1 p 2 . . . p k+1 , Take H = Z m , where m = p 1 p 2 . . . p k such that g.c.d. (m, ϕ(m)) = 1 and K = Z p k+1 . Consider the semi direct product of H and K. It exists, because semi direct product of any two groups exist. Since H is a cyclic group, so o(Aut(H)) = (p 1 − 1) . . . (p k − 1). Then any homomorphism from K to Aut(H) must be a trivial homomorphism, because if not, then g.c.d. By the Proposition 1.4, G is solvable, so commutator G ′ is either identity subgroup or a proper subgroup of G (because if G ′ = G, then G can not be solvable). If G ′ = {e}, where e is the identity of G. Then G must be an Abelian group. Therefore G is cyclic by the Fundamental theorem of Abelian groups. Suppose G ′ is a proper subgroup of G. Then o(G ′ ) = p 1 p 2 . . . p i , where 1 ≤ i < k + 1. So the factor group G/G ′ is an Abelian group of order p i+1 . . . , p k+1 . Therefore by Cauchy's theorem G/G ′ has a normal subgroup H/G ′ of order p i+1 . . . , p k . Hence H is also a normal subgroup of G and o(H) = p 1 p 2 . . . p k . This proves the existence of a normal subgroup H. Now consider the semi direct product of H and K, which is isomorphic to G for o(G) = o(HK). Hence the result is proved.
